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To determine the rate at which a graph rises or falls at a single point, you can find
the slo;_)e of the tangent line at that point. The tangent line to the graph of a function f
ata point P(x,, y,) is the line whose slope best approximates the slope of the graph at
the point. The graphs below show other examples of tangent lines.
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From geometry, you know that a line is Y

tangent to a circle when the line intersects the
circle at only one point, as shown at the right.
Tangent lines to noncircular graphs, however,
can intersect the graph at more than one point.
For example, in the leftmost graph above, if the
tangent line were extended, it would intersect the
graph at a point other than the point of tangency.
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Visually Approximating the Slope of a Graph

Monthly Normg
Temperatures

ioht graphically depicts
] lomfer res (in degrees

Fahrenheit) for Dallas, Texas. Approximate ;
the slope of this graph at the point shown an

(Source: National Climatic Data Center) ‘5":
Solution From the graph, the tangent line; g
at the given point falls approximately 10 units g
" for each one-unit change in x. So,‘ you can S
estimate the slope at the given point to be S
_ changeiny
Slope = change in x
=19
1
= —10 degrees per month.

This means that the monthly normal temperature in November is about 10 degrees
lower than the monthly normal temperature in October.
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In Example 2, approximate the slope of the graph at the point (4, 66) and give a physical
interpretation of the result.
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As h approaches 0, the secant line approaches the tangent line.

Using the limit process, you can find the exact slope of the tangent line at (x, £(x)).

Definition of the Slope of a Graph

The slope m of the graph of f at the point (x, f(x)) is equal to the slope of its
tangent line at (x, f(x)), and is given by

SR A& ) e A )
h=0 h

provided this limit exists.

PO,

As suggested in Section 12.2, the difference quotient is used frequently in calculgs.
Using the difference quotient to find the slope of a tangent line to a graph is a major
concept of calculus.



cuius

i Cal
42 Chapter 12 Limits and an Introduction t0 ofa Graph
| Finding the Slope
e (—2,4)
h ff(x)=x2attheP01m( 2,4) N (
) f a secant line at (—
Find the slope of the grap sion that fepresents the slope © 24)
i S
Solution Find an expre ' S
f(=2+M - f(=2
M = /h | |
. Substitute into fl) =22,
(-2 + B = (-2)
- h
Expand terms.
4 — 4h + -4 xpa
_ G =T S e
a h
*@ : simplify.
—4h + h
= ___—r“'
| —_ d divide out.
”(-4 * h) Factor an
5—.- =
i | : 0 Simplify-
line at ol e #: -
- Next, find the limit of 7 a3 h approac .
24
\\Wi m = lim M
-4 -3 =2 ] 3 in
\ “ i int (—2, 4), as shown in Figure 12.14.
Figure 12.14 The graph has a slope of —4 at the pot »4)s
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s to find the slope of the graph of g(x) = x* — 2xat the point (3, 3),

Use the limit proces

W Finding the Slope of a Graph

Find the slope of f(x) = —2x + 4.

Solution
- lim_)_‘(x_+h_)_—_f(ﬁ Set up difference quotient.
W e h
- [—2(x +h)+ 4] = ~2p 4) Substitute into f(x) = —2x + 4.
\ h—0 h
4 = lim —x—2h+t4+2x—4 Expand terms.
3 h—0 h
24 = lim —___2h, Divide out.
14 h—0 h'
; % " = =2 Simplify.
=2 &
-1 You know from your study of linear functions that the line f(x) = —2x + 4 has aslope
of —2, as shown in Figure 12.15. This conclusion is consistent with that obtained by
Figure 12.15 the limit definition of slope, as shown above.

‘/ Checkpoint K’D) Audio-video solution in English & Spanish at LarsonPrecalculus.com

Use the limit process to find the slope of f(x) = —3x + 4. o
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slopes found in Example § 354
the point-slope form of the
equation of a line to find that
the equations of the tangent
lines at (=1, 2) and (2, 5) are
y= —-2xandy=4x._3,
respectively. Then use a
graphing Utlllty to graph the
function and the tangent lineg

n=x+1
V=2
y3=4x =3

in the same viewing window:.
You can verify the equations
of the tangent lines using the
tangent feature of the graphing
utility.
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It is im
Quotients e

Portant that you see the difference between the ways the difference
e set up in Examples 3 and 4. In Example 3, you found the slope of 2

ecific point (c, f(c)). To find the slope in such a case, use the form of the
uotient below,

m =y, flc+hn -
’I'I*IH) % Slope at specific point
InE
SUChx:;n PE; however, you found a formula for the slope at any point on the graph. In
°S, you should use x, rather than c, in the difference quotient.
m = Jim L&+ B) ~ f(x)

h—0 h Formula for slope

This form wil] a1yq

sl ys produce a function of x, which can then be evaluated to find the
OPe at any desired

point on the graph.

Finding a Formula for the Slope of a Graph

FII}d a formula for the slope of the graph of f(x) = x> + 1. What are the slopes at the
ponts (-1, 2) ang (2,5)?

Solution

msec = fw

h Set up difference quotient.

ey -2+ )

Substitute into f(x) = x> + 1.

h
Bt 22h+ R+ 12—
Expand terms.
h

_ 2xh + p? o

h Simplify.
_ H(2x + h)
7 Factor and divide out.

H
=2+h h#0 Simplify.

Next, find the limit of m,, as h approaches 0.

m = lim m af
B | see Formula for slope

,111_1)‘1}) (2x + n)

s MO

Using the formula m = 2x for the slope o1
at (x, f(x)), find the slope at the specified 5+
points. At (-1, 2), the slope is 44 Tangent
line at
m=2-1)=-2 Tangent\ o] /] @9
and at (2, 5), the slope is ?“T “2‘)
m=2(2) = 4. TN ——t—t—x
—4- =3 =% =1 I 2 3 4
The graph of f is at the right. ~IT
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Find a formula for the slope of the graph of f(x) = 2x? — 3. What is the slope at the
points (—3, 15) and (2, 5)? = |
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«+REMARK In Section 1.5,
you studied the slope of a line,
which represents the average
rate of change over an interval.
The derivative of a function is
a formula that represents the
instantaneous rate of change at
a point.
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Definition of a Derivative
The derivative of f at Xis given by

v+ h) = f®)
£ -;ggﬁ’r"

provided this limit exists.

is a formula for the slope of the tangent lin

v o

Remember that the derivative f (x)
the graph of £ at the point (x, ®)).

Find the derivative of
flx) =32 — 2.
Solution
v o fe ) = fO)
f(x) - }lll_l')l'(l) h
 [Blc+ BR = 2x + )] = (3~ 20)
= lim b
h—-0
32+ 6xh+ 32— 2 —2h =3+
= lim b
h—0
. 6xh+ 3k —2h
=lim——
h—0 ‘h
. H6x+3h—2)
= lim ——
h—0 H

= lim (6x + 3k — 2)
h—0

= 6x + 3(0) -
=6x—2
So, the derivative of f(x) = 3x2 — 2x is
fllx) = 6x = 2.
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Find the derivative of
f&)=x+2x " |

Note that in addition to f'(x), other notations can be used to denote the derivative
of y = f(x). The most common are

d
v dix[f(x)l and D[y)
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Figure 12.16

12.3 The Tangent Line Problem 845

: Using the Derivative *
ee Lar.
SonPrecalculus.com for an interactive version of this type of example.

Find fr '
and (4, (2x)) for f(x) = /x. Then find the slopes of the graph of f at the points (1,1)

£ = tim £+ 1) = £
h

1
h—0

Direc T s :
- t substitution yields the indeterminate form 8, so use the rationalizing technique

Scussed in Section 12.2 to find the limit.

') = 1im (\/"Th = ﬁ)(m + J;)

b=l Jx+h+ Jx
= lim (x+h) — x
h-)Oh( /_“X+h+\/)_c)
= lim K
SO Sx ¥k + Sa)
=lim— 1
=0 /x+h + Jx
_ 1
24/x

At the point (1, 1),‘ the slope is

) 1 1
Filsstonl
24 2
At the point (4, 2), the slope is
flay=—-=1

2/4 4

Figure 12.16 shows the graph of f.
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Find f'(x) for f(x) = /x — 1. Then find the slopes of the graph of f at the points (2, 1)
and (10, 3). [ |

Summarize (Section 12.3)

1. Explain what is meant by a tangent line and how to use a tangent line
to approximate the slope of a graph at a point (pages 839 and 840). For
examples of approximating slopes of graphs at points, see Examples 1 and 2.

2. Explain how to use the limit definition of slope to find the exact slope of a
graph (page 841). For examples of using the limit definition of slope to find
exact slopes of graphs, see Examples 3-5.

3. State the definition of the derivative of a function (page 844). For examples
of finding derivatives of functions and using derivatives to find slopes of
graphs, see Examples 6 and 7.




